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W revisit the Fisher-G rshick-Hsu-
Roy distribution (1939), which has
interested statisticians for nore
than six decades. Instead of wusing

K. C. S. Pillai's met hod of
negl ecting higher order ternms of
t he cunmul ati ve di stribution

function (C.D.F.) of the |argest
root to approximte the percentage
points, we sinply keep the whole
C.D.F. and apply its natural non-
decreasing property to calculate
the exact probabilities. At the
duplicated percentage points, we
f ound our conput ed per cent age
poi nts to be consi stent with
exi sting t abl es. However, our
tabul ati ons have greatly extended
the existing tables.

In 2002 [1], we were concerned with
the distribution of the |argest
characteristic roots in
multivariate analysis when there
are two to six roots. Now, we wll
extend the size to seven and eight
roots. Fi sher-G rshi ck-Hsu-Roy(1939)

discuss this in detail and present
t he j oi nt probability density
function in general. This well-
known distribution depends on the
nunber of characteristic roots and
two paraneters m and n, which are
defined differently for vari ous
situations, as described by Pillai

(1955). The upper percentage points
of the distribution are conmonly
used in three di fferent
mul tivariate hypot hesi s tests:
tests of equality of the variance-
covariance matrices  of two  p-
variate normal popul ations, tests
of equality of the p-dinmensiona
mean vectors for k p-variate normal

popul ati ons, and tests of
i ndependence between a pset and a
g-set of variates in a (p+q)-
variate nornmal popul ation. Wen the
nul | hypot heses are true, these
three proposed tests depend only on
t he characteristic roots of

matrices using observed sanples.
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The problem can be stated as
follows: using a random sanple from
the nmultivariate nornmal popul ation,
we will conmpute the characteristic
roots from a sum of product
matrices of this sanple. W wll
t hen conpare t he | ar gest
characteristic root of the matrices
with t he per cent age poi nts
t abul at ed in this paper to
determ ne whether or not the nul
hypothesis is rejected at a certain
probability confidence.

There are already many published
t abl es t hat focus on upper
percentage  point tabul ations or
chart the various sizes of roots.
The best-known contributor in this
area is Pillai, who gave genera
rules for finding the C.D.F. of the
| argest root and tabulated upper
percentage points of 95% and 99%
for various sizes of roots. O her
contributors, i ncl udi ng Nanda
(1948, 1951), Fost er and Rees
(1957, 1958), and Heck (1960) will
be discussed in nore detail in
section 2. Section 3 contains the
joint distribution of s non-nul
characteristic roots of a matrix in
general form and the C.D.F. of the
seven and ei ght | ar gest
characteristic roots. The algorithm
used to create the tables in this
paper is the same as in reference
[2], and we will not repeat it.
Also, we will ignore the discussion
of precision of the results.

Cumul ati ve Function and Historical

Wor k
The joint distribution of s non-
nul | characteristic roots of a

matrix in multivariate distribution
was first given by Fisher-Grshick-
Hsu- Roy (1939) and can be expressed
in the form of (3.1). W further
extended the distribution of the
| ar gest characteristic r oot to
seven and eight roots. Even though
the form of the joint density



function is known, it is not easy
to wite out the CDF of the
| ar gest characteristic r oot to
seven roots. To solve this problem
two nmethods can be used to find the
C.D.F. nore easily. Pillai (1965)
suggests that the CD.F. of the
| argest characteristic root could
be presented in deterninant form of
i ncompl ete beta functions. Si nce
the nunerical integration of each
of t he S factori al mul tiple
integrals when the determnant is
expanded is difficult, he suggests
an alternative reduction fornula
that gives exact expressions for
the CD. F. of the largest root in
terms of inconplete beta functions
or functions of inconplete beta
functions for various values of s.

An alternative nethod suggested by
Nanda (1948) yi el ds t he same
results. He started Wi th t he
Vander nonde det er m nant and
expanded it in mnors of a row,
then repeated applied integration
by part to find the C. D.F. of the

| ar gest characteristic root. In
this paper, we use the Pillali
notation and present the case wth
seven roots in equation (3.2).
Following this C.D. F. and t he
al gorithm previously used, we
tabul ate t he upper per cent age
poi nts.

Here, it is wuseful to review sone
of the published tables and reasons
to ext end t he t abl es. Pilla

(1956a, 1959) published tables that

focus only on t wo per cent age
poi nts: 95% and 99% for s =2,6, m =
0(1)4, and n varying from 5 to
1000. Fost er and Rees (1957)
t abul at ed t he upper per cent age
points 80% 85% 90% 95% and 99%
of the largest root for s=2, me-
0.5, 0(1)9, n=1(1)19 (5)49,59,79.

Foster (1957, 1958) further extended
these tables for values of s=3 and
4. Heck(1960) has given sonme charts
of upper 95% 97.5% and 99% points
for s=2(1)5, m=-0.5, 0(1)10, and n
greater than 4. These table val ues
can be applied to our statistical

anal ysi s with some st andard
t ext books as ref erences. For

exanpl e, recently, Rencher included
the percentage point 0.950 in three
t ext books [18],[19]).

Wthout a nodern conputer, it 1is
difficult and tedious to compute
the whole CD.F. (3.2) at each
per cent age poi nt . Ther ef or e,
deleting higher order terns and
retaining a few |lower order terns
to approxinmate the roots is a
reasonabl e solution. However, this
approach involves intolerable error
at | ower percentage points, such as
80% 82. 5% 85% 87.5% 90% or 92.5%
These percentage points are usually
ignored due to the difficulty of
their conputation, and not due to
their lack of use. Tradi tional
nmet hods treat i nternedi ate
percentage points by interpolation,
but without, for exanple, 85% or

90% percent age poi nts, it is
difficult to interpolate 87.5% In
recent years, conputers have

gradually matured in nenory, speed
and flexibility in usage, which has
greatly changed the nethods by
which we study statistics. In this
study, we use one of the npbst basic
properties of C.D.F. and revisit
this nost inportant distribution
As nmany percentage points as are
needed in one conputer run are
i ncluded: these are 0.80, 0.825,
0. 850, 0. 875, 0. 890, 0. 900,
0.910( 0. 005), 0. 995. Di f ferent
authors have selected different m
and n paraneter values, but we
sel ected these parameters such that
al | existing table values are
i ncl uded. For t he par aneters
m=0( 1) 10 and
n=3(1) 20(2) 30(5)80(10), 150, 200

(100) 1000, our table provides the
percentage points and probabilities
while avoiding the interpolation
probl em

The Di stribution Function of Seven
Characteristic Roots

Suppose x={xij} and X~ ={xfj} are two p-

vari ate random matrices with
nandn, the degree of freedom
respectively. Assune t he t wo

mul tivariate populations have the



sane covari ance mat ri x: for C(8,m,n)

T « xT Pr(gg £ X) =———=[- 10(X,m+7,n+D* v_ 07654321 x (X, m,I
exanpl e, S =x " /njandS, =x x /n,. m+n+8
When the null hypothesis is true, +21(x,2m+7,2n+D*v _ 0654321 x(x,m+1,n)- 2/(x,2m +82n -
bot h S and S, are i ndependent *v_065432x( X, m n)+2(x,2m +9,2n +1)* v_065431x( X, m n)
estimaiors of the unknown but equal - 2(x,2m +102n +1)* v_065421x( X m, n)+2/(x2m +112n +1)
covari ance matrices. The joint . .
distribution of the roots of the V_06532Ix( x, m n) - 21(x,2m +12.2n +1)* v_064321X( X, m n)

det er mi nant al equation +2I(x,2m +132n +1)* v_0654321x (x, m n)]
|A- q(A+B) =0 whereA =n;S; and B=n,S,

has been given by Fisher-G rshick-
Hsu- Roy(1939) and can be witten as
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